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ABSTRACT 
In terms of a triangle ABC in the complex Euclidean plane, a formula is found 
for the coordinates of the unique pair of isogonal conjugate points on a given line. 
When the given line is at infinity, the two conjugate points are seen to be Poncelet’s 
“circular” points, with the surprisingly simple coordinates (e * BL, e ’ Ai, - 1). 
1. INTRODUCTION 
In a projective plane, any four points, no three collinear, are the vertices 
of a quadrangle and may be taken to have homogeneous coordinates 
(1, *1, *1) (1.1) 
so that the quadrangle’s “diagonal triangle” is the triangle of the reference 
ABC or 
(I,O,O) (0, I,O) (0,0, I) (I.21 
The quadrangle determines a pencil (or “one-parameter family”) of tonics 
UX2 + uy2 + wze = 0, u+v+w=o 
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[4, p. 1901, all p assing through the four vertices. There is one such conic for 
each point (u, o, w) on the line 
x+y+z=o. 
With respect to such a conic, the condition for (x, y, z) and (x ‘, y ‘, z ‘) 
to be conjugate points is 
uxx’ + vyy’ + WZZ’ = 0. 
Hence, if 
xx’ = yy' = zz’, (l-3) 
those points are conjugate with respect to every conic in the pencil. In the 
terminology of Baker [2, p. 561 they are conjugate with respect to the 
quadrangle. Such conjugacy Yields an involutory “quadratic transformation” 
[17, p. 1981, which takes each point (x, y, z> to (yz, zx, xy) and each line to 
a conic circumscribing the triangle of reference. 
2. THE CONJUGATE PAIR ON A GIVEN LINE 
In general, each line (in the complex projective plane) contains just one 
pair of conjugate points. However, an exception arises when the given line 
joins two of the points (l.l), so that it is one of the six sides of the basic 
quadrangle. Such a line contains a hyperbolic involution of pairs of conjugate 
points [4, 6.41, p. 781. F or instance, the line y = z or [0, 1, - l] contains the 
conjugate points (x, 1, 1) and (1, x, x) for all values of x. 
On other lines [X, Y, Z] with XYZ = 0, the unique pair of conjugate 
points consists of one vertex of the triangle of reference (1.2) and one point 
on the opposite side. For instance, the line [X, Y, 0] joins the pair of 
conjugate points (0, 0, 1) and (Y, -X, 0). 
Finally, when XYZ # 0, the line [X, Y, Z] contains a pair of conjugate 
points(x”,y”,z”)ifandonlyif 
xX+Yy+Zz=O and Xx-‘+Yy-‘+Zz-‘=O. 
Eliminating z, we have 
(xx + Yy)(xP + Yy-‘) = z2 
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or 
2xyx = _(X” + y2 - Z2) * g’/2, (2.1) 
Y 
XY” + (x2+ Y" 
Y 
- Z”) + XY J! = 0. 
x 
Solving this quadratic equation for x/y, we obtain 
where 
D = (X2 + Y2 - Z2)2 - 4X2Y2 
= ~~~~~~~~~~~~~~~~~~~~~~~~~~ 
=(x+Y+zXx-Y-zx-X-tY-2x-x-Y+z). 
Cyclic permutation of X, Y, Z Yields analogous expressions for y/z and z/x, 
involving the same discriminant D. 
Allowing this discriminant to be zero, we obtain a tangential equation for 
the four self-conjugate points (1.1). We see also that if 
(X+Y+Z)(-X+Y+Z)(X-Y+Z)(X+Y-Z) >o, (2.2) 
thepoints(x”,y”,z”)on[X,Y,Z] are not only “conjugate with respect 
to the quadrangle (Ll),” but also complex conjugate. 
3. THE LOCUS OF CONJUGATE PAIRS ON LINES THROUGH 
A GIVEN POINT 
Since (x, y, z) and ( yz, zx, xy) are conjugate points, the locus of pairs of 
conjugate points whose joining lines pass through a fixed point F, say 
(p, 4, r), is the elliptic cubic curve 
or 
p*( y2 - 2) + qy( z2 - x2) + rz( x2 - y") = 0 (3.1) 
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[ll, p. 245; 16, p. 731, which passes through seven further fKed points: (1.1) 
and (1.2). It degenerates to three concurrent lines when the “pivot” F is any 
one of the four self-conjugate points (1.1). It degenerates to a line and a conic 
in other cases with two of p, q, T- equal to f 1, and to three lines forming a 
triangle when just two of p, q, r are zero. 
Since the four points (1.1) are self-conjugate, the four lines joining them 
to F touch the cubic curve (3.1). Similarly, the tangents at the four points 
A, B, C, F, namely, 
qy = m, ?-z = px, P" = 4Ya 
(q2 - r2)px + (r-2 - p2)qy + (p2 - q2)rz = 0, 
all pass through the point 
F’ = (p-l, q-f r-l) = (q’, rp, pq), 
conjugate to F. 
The nine points (1.11, (1.2), F, and F’, being the points of intersection of 
the two cubits (3.1) and 
qrx( y2 - 2) + f??y( x2 - x2) + pqz(x” - y”) = 0, 
are nine associated points: they lie on all the cubits in the pencil 
(p + Aq?-)x(y2 -2) + (q + hrp)y(z’-2) 
+(r + hpq)z(2 - y”) = 0. 
4. ISOGONAL CONJUGATE POINTS IN THE EUCLIDEAN PLANE 
For a triangle ABC in the complex Euclidean plane, the t&near coordi- 
nates (x, y, z> of an interior point are initially defined as its distances from 
the sides BC, CA, AB. By allowing the coordinates to become zero or 
negative, we can deal analogously with points on the sides of the triangle or 
with exterior points. For any point not at infinity, the actual distances satisfy 
ax + by + cz = 2A, 
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where a, b, c are the lengths of the sides and A is the area (ABC). It is 
convenient to regard x, y, z as homogeneous coordinates. For instance, the 
incenter (r, r, r) can be expressed simply as (1, 1,l). Points far away have 
actual distances of the form ( px, p y, pz), where p may be regarded as 
tending to infinity. For such a point we have 
ax + by + cz = 2A/p, 
yielding an equation for the line at infinity: 
ax + by + cz = 0. (4.1) 
Thus the line at infinity has the tangential coordinates 
[a, b, cl or [sin A, sin B, sin C]. 
Clearly, the centers of the four tritangent circles, namely, the incenter 
and the three excenters, are 
z = (l,l, I), I,=(-l,l,l), zb=(l,-l,l), Zc=(l,l,-1). 
Rays CP and CP’ from the vertex C are said to be isogonal if 
L ACP = L P’CB, that is, if L PCP’ and L ACB have the same angle 
bisector CZ, as in Figure 1. If the analogous rays AP and AP’ from A yield 
the same P and P’, these points are said to be isogonal conjugate with 
A 
FIG. 1. Isogonal conjugate points for a triangle. 
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respect to ABC. We proceed to justify this definition by showing that the rays 
BP and BP’ from B are likewise isogonal [4, p. 1971. 
Since points (x, y, z> and (x’, y’, z’) on the isogonal lines CP and CP’ 
satisfy equations y = +Y and x ’ = p y ’ for the same value of ZJ, the 
coordinates of P and P’ satisfy 
xx’ = yy’. 
Analogously, the isogonal lines AP and AP’ yield 
yy ’ = zz’. 
Hence, the conditions for P and P’ to be isogonal conjugate points are 
XXI = yy’ = zz’, 
and we conclude that the rays BP and BP’ are likewise isogonal. 
Comparing these conditions with (1.3), we see that isogonal conjugacy 
with respect to the triangle ABC is the same as the projective concept of 
conjugacy with respect to the quadrangle II, I, I,. 
5. SIX NOTABLE POINTS ON THE EULER LINE 
Comparing the circumcenter 0 with the orthocenter H, as in Figure 2, 
we see that the ray CO makes with BC the same angle i7r - A that CH 
makes with AC. Analogous results hold for rays through A or B. Hence, 0 
and H are isogonal conjugate points. 
Since 0 is obviously (cos A, cos B, cos C), we deduce that H is 
(cos BcosC, cosCcos A, cos AcosB). 
It follows that any point on the Euler line OH can be expressed as 0 + KH, 
meaning 
(cos A + KCOS BcosC, cos B + KCOSCCOS A, cost + KCOS Aces B), 
for a suitable value of K. Thus K = 0 for 0 and ~0 for H. 
The point at infinity on the Euler line, say E, must be a point (x, y, z) 
satisfying the equation (4.1) or 
(sin A)” + (sin B)y + (sinC)z = 0. 
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FIG. 2. The circumcenter and the orthocenter. 
Therefore, for E, K is given by 
sin A cos A + sin B cos B + sin C cos C 
+ K(sin Aces BcosC + sin BcosCcos A + sinCcos Aces B) = 0. 
Since A + B + C = T, we know that the coefficient of K is equal to 
sin A sin B sin C 
and that 
sin2A + sin2B + sin2C = 4sin Asin BsinC 
]8, (241, p. 47; E xample 78, p. 621. It follows that the point E (at infinity) is 
given by 
K= -2. 
The de Longchamps point H, [l, p. 3701 is situated so that 0 is the 
midpoint of HH,. Since E = 0 - 2H, we have 
H = +(O - E), 
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and the harmonic conjugate of H with respect to 0 and E is 
H, = +(O + E) = 0 - H. 
Thus the de Longchamps point H, is given by 
K= -1. 
Similarly, the nine-point center N, midway between 0 and H, is the 
harmonic conjugate of E: 
N = 0 + 2H. 
Thus the nine-point center N is given by 
K = 2. 
It follows that H = i(N - 01, and the centroid, being the harmonic 
conjugate of H with respect to 0 and N, is 
G=+(N+O)=O+H. 
Thus the centroid G is given by 
K= 1. 
Since cos A + cos B cos C = sin B sin C, the centroid G may alternatively 
be expressed as 
(sin B sinC, sinC sin A, sin Asin B) 
or (bc, ca, ab) or (a-‘, b-‘, cpl 1, in agreement with the equality of areas, 
ax = by = cz. The isogonal conjugate of G, (a, b, c) or (sin A, sin B, sin C), 
is the Lemoine point K, where the symmedians concur. Unlike those other 
notable points, K is not on the Euler line (of a scalene triangle): the only 
conjugate pair on that line is OH. 
An exception arises when the triangle ABC is isosceles, for then the 
Euler line, coinciding with one of the six sides of the quadrangle ZZ,Zb I,, 
contains a hyperbolic involution of pairs of conjugate points (see Section 21, 
and one of these pairs is GK. If ABC is equalateral, there is no Euler line! 
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FIG. 3. Notable points on the Euler line. 
Figure 3 shows all the points H,, 0, G, N, and H in their correct 
spacing, with the corresponding values of K. The actual distances from H, , in 
terms of H, H = 1, are 
2+K’ 
6. THE CIRCUMCIRCLE 
Adapting an ingenious suggestion by Milne [lo, p. 1051 (cf. 11, Example 7, 
p. I451 and [4, p. 1951) we can find a trilinear equation for the circumcircle of 
the triangle of reference by regarding it as a circum-conic 
fyz + gzx + hxy = 0, (6.1) 
and deducing values of the coefficients f, g, h that will make this conic a 
circle. Let P be an arbitrary point on the tangent at C, as in Figure 4. Draw 
PA and I% perpendicular to BC and CA. Since the angles at C are A, B, C 
(with sum r), we have 
PA=PCsinA. Pi =PCsin B. 
In terms of the t&near coordinates of P, we can say that Pi = x and 
PB = -9, Hence 
x sin A n -=- =- 
-!4 sin B h’ 
that is, 
ay + hx = 0. 
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FIG. 4. The circumcircle of ABC. 
Since the tangent at (x,, yl, zI) to the conic (6.1) is 
f(%Y + y1z) + g(x,a + z1x> + h( y1x + x, y) = 0, 
the tangent at (0, 0, 1) is 
fy + gx = 0. 
We can therefore identify f with a, g and 6, and similarly h with c, so that 
the circumcircle has the equation 
ayz + bzx + cxy = 0 
or 
ax-’ + by-’ + cz-’ = 0. (6.2) 
7. THE CIRCULAR POINTS AT INFINITY 
When [X, Y, Z] is the line at infinity [a, b, c], the inequality (2.2) be- 
comes 
(u + b + c)( --a + b + c)(u - b + c)(u + b - c) > 0, 
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which holds because of the “triangle inequalities” 
a<b+c, b<c+a, c<a+b. 
Thus the line at infinity contains just one pair of isogonal conjugate points 
and these are also a pair of complex conjugate points, namely (x, Y, z), where 
ah-T +(a2+b2- c”) + ah !f! = 0. 
Y x 
Solving, we find 
Zabr = -(a*+b*- c”) k 4Ai, 
Y 
where 
4A = (- ( a2 + b2 - c”)* + 4a2b”)1’2 
= { -a4 - b4 - c4 + 2b2c2 + 2c2a2 + 2a2b2}“2 = 2absinC 
(by Heron’s formula, A = {s(s - aXs - b)fs - c))l/” 13, p. 581). Since 
a* + b” _ cs = 2ab cos C, it follows that 
x/y = -cos C + isinC = -erci. 
Similarly y/z = -e’ Ai and z/x = -_eT si. 
Thus the conjugate points on the line at infinity may be expressed as 
and these expressions are consistent since they imply 
y .z x 
---=-e 
+(A+B+C)l _ _e"' = 1 
zxy 
Combining the familiar trigonometric formulae 
acosB+bcosA-c=O and asinB-bsinA=O. 
386 
we have 
uekBi + be TAi_C=o 
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This shows that the two points 
(,*Bi,,rAi, -1) (7.1) 
satisfy both the equations (4.1) and (6.2) for the line at infinity and a circle. 
Accordingly, they are precisely Poncelet’s circular points at infinity. These 
coordinates for them were nearly anticipated by Robson [13, p. 1801. In fact, 
by writing - rr, C, -B for his (Y, p, y, one obtains (- 1, e ’ ci, e ’ Bi), which 
is the first of our three expressions. 
8. “ISOGONAL” CUBIC CURVES 
It is amusing to observe how many authors have investigated the cubic 
curve (3.1) for various choices of pivot ( p, q, r). 
Steggall [15] used the pivots G (K = 1) and If, (K = - 1) to obtain the 
“Thomson cubic” and the “Darboux cubic.” These were rediscovered by 
Taylor [16]. Miller [9] used H, again. Neuberg [12], Moore and Neelley [ll], 
and again Dorwart [7] used E (K = - 2) to construct the “Neuberg cubic.” 
Rubio [14] again used G and Hi. Yff [18] used E and H, again, and 0 
(K = 0) to construct the “McCay cubic.” Finally, Cundy and Parry [6] again 
used E, H,, 0, and G. 
The Neuberg cubic seems especially interesting (see [5] and Figure 5) 
because it contains surprisingly many notable points, including not only 
A, B, G, I, I,, Ib> I,, and the conjugate points 0, H, but also, as the above 
authors observed, the three points A’, B’, C’, which are the images of 
A, B, C by reflection in BC, CA, AB (so that the joins AA’, BB’, CC’ all pass 
through H), and the six points A,, B,, C,, A,, B,, C,, which form equilat- 
eral triangles with B and C, C and A, A and B. 
The projective results of Section 3 show that the tangents to the Neuberg 
cubic at A, B, C, and E all pass through the point E’, which is conjugate to 
the “pivot” E. The tangent at E is, of course, the asymptote. Lines parallel to 
the asymptote E E’ intersect the curve in pairs of conjugate points (not 
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FIG. 5. The Neuberg cubic (K = - 2). 
always real). Such lines include the Euler line OH and (as limiting cases) the 
tangents at 1, I,, I,, 1,. The curve crosses its asymptote at E’. 
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